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Abstract 

A finite group G is called admissible over a given field if there exists 
a central division algebra that contains a G-Galois field extension as 
a maximal subfield. We give a definition of embedding problems of 
division algebras that extends both the notion of embedding problems 
of fields as in classical Galois theory, and the question which finite 
groups are admissible over a field. In a recent work by Harbater, 
Hartmann and Krashen, all admissible groups over function fields of 
curves over complete discretely valued fields with algebraically closed 
residue field of characteristic zero have been characterized. We show 
that also certain embedding problems of division algebras over such a 
field can be solved for admissible groups. 

1 Introduction 

A finite group G is called admissible over a field F if there exists a central 
division algebra over F that contains a G-Galois field extension as a maxi- 
mal subfield. Equivalently, G is admissible over F if and only if there exists 
a G-crossed product algebra over F that is a division algebra. The question, 
which groups are admissible over a given field F is a variant of the inverse 
Galois problem and was first posed by Schacher in 1968 ([Sch68j). 



Schacher proved that for F = Q, any admissible group has metacyclic Sy- 
low subgroups ([Sch68, Thm. 4.1]) and he conjectured that the converse also 
holds, i.e., that any group with metacyclic Sylow subgroups is admissible 
over Q. The structure of such groups was described in [CS8l] . Schacher 
also proved that for any finite group G there exists an algebraic number 
field F such that G is admissible over F. On the contrary, if F is a global 
field of characteristic p > and G is admissible over F, then every Sylow 
subgroup of G except possibly the p-Sylow subgroup is metacyclic ( [Scb.68^ 



1 



Thm. 10.3]). The problem whether every finite group with metacyclic Sylow 
subgroups is admissible over Q, was solved for solvable groups by Sonn in 
[Son83] but is in general still open. However, many groups with metacyclic 
Sylow subgroups have been shown to be admissible over Q and for most of 
them, even all algebraic number fields over which these groups are admissi- 
ble have been described explicitly (see for example |FV87| . |FF90| . [8892^, 
[Fei93| . [Lie96j . [GL96| . [Fei02j . |Eei04| ). There has also been some work on 
admissibility over Q(t) and Q((t)), see for example [FS95aj and [FS95bj . 

For F = C((t))(x) and more generally for F a function field in one vari- 
able over a complete discretely valued field with algebraically closed residue 
field, the following theorem was proven in |HHKll| : 

Theorem 1.1 (Harbater-Hartmann-Krashen). Let F be a finitely generated 
field extension of transcendence degree one over a complete discretely valued 
field K with algebraically closed residue field k and let G be a finite group 
of order not divisible by char (A;). Then G is admissible over F if and only 
if each of its Sylow subgroups is abelian and metacyclic, that is, abelian of 
rank at most 2. 

The forward direction was proven in a similar way as in Schacher's proof 
over Q. The additional condition that the Sylow subgroups are abelian is due 
to the fact that F contains all roots of unity of order prime to char (A;). The 
converse direction of Theorem 11.11 was proven by using the method of patch- 
ing over fields which was introduced in |HH10j . For each Sylow subgroup 
P, the authors construct a division algebra Dp with a maximal subfield 
Ep that is a P-Galois field extension (these are constructed over some field 
extensions of F) and then they show that these local building blocks can 
be patched into a division algebra over F with a maximal subfield that is a 
G-Galois extension of F. We note that as in the case of algebraic number 
fields, not every G-Galois extension of F has to be a maximal subfield of 
a division algebra if G is admissible. For example C2 x C2 is admissible 
over F by Theorem 11.11 but not every C2 x C2 extension of F is a maximal 
subfield of a division algebra (see Example 16.2ft . In [NPlOj , the authors use 
a similar strategy as in [HHK11] to prove that Theorem 11.11 is also true if 
F is the fraction field of a complete local domain of dimension 2 with sep- 
arably closed residue field, e.g., F = C((X, Y)). Patching over fields is also 
used in [RSI 2] , where the authors give necessary conditions for a group to 
be admissible over function fields of curves over complete discretely valued 
fields with arbitrary residue field, e.g., F = Q p (x). 
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In the present paper, we introduce the notion of an embedding problem 
of division algebras and study embedding problems over fields F as in The- 
orem [LTJ In classical Galois theory, an embedding problem over a field F is 
given by an exact sequence 

1 -»• N -> G -> H -> 1 

together with an H-Galois extension E/F. The embedding problem is 
called split if the exact sequence splits. A G-Galois extension i?/.F with 
an //-equivariant embedding E C is called a proper solution to the em- 
bedding problem. Asking whether all embedding problems over F have 
proper solutions is a stronger version of the inverse Galois problem over F 
and is related to the structure of the absolute Galois group of F by a the- 
orem of Iwasawa, which asserts that if the absolute Galois group of F is of 
countably infinite rank then it is free if and only if every embedding prob- 
lem over F has a proper solution (see [FJ08, Cor. 24.8.3]). For F a field 
as in Theorem 11.11 a result of Harbater and Pop (see Theorem 5.1.4 and 
Theorem 5.1.9 in the survey article [Har03| ) implies that every finite split 
embedding problem over F has a proper solution. Now to define what an 
embedding problem of division algebras over a field F is, we assume that we 
are given an exact sequence as above together with an //-Galois extension 
E/F that is contained as a maximal subfield in a central division algebra D 
over F. The concept should extend the notion of an embedding problem of 
fields, so a solution should consist of a pair (D, E) with D a central division 
algebra over F and E a maximal subfield of D such that E solves the em- 
bedding problem on the level of fields and such that D relates to I? in a yet 
to be determined way. In our definition, we require that the | A|-th power of 
the Brauer class of D equals the Brauer class of D. Asking whether such an 
embedding problem has a proper solution is stronger than asking whether 
G is admissible. We go back to a field F as in Theorem 1 1 . 1 1 and ask whether 
any embedding problem of division algebras over F can be solved for an ad- 
missible group G of order not divisible by char (A;). In Theorem 14.11 we give 
an affirmative answer in the case that N and H have coprime orders. The 
proof uses patching over fields and mimicks the construction in [H HK11] . 
For each Sylow subgroup P of N, we use the building blocks (Dp, Ep) con- 
structed in [HHKllj and show that these can be patched together with the 
given pair (D, E) in a way that yields a solution (D, E) of the embedding 
problem of division algebras. Unfortunately, the method of patching does 
not seem to be applicable to the case where N and H have non-coprime 
orders, as will be explained in Section [6.11 
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The paper is organized as follows. In Section [2j we motivate our defini- 
tion of an embedding problem of division algebras. Section [3] provides some 
background on the method of patching over fields with a focus on patching 
central simple algebras. In Section [H we prove that split embedding prob- 
lems for admissible groups over fields F as in Theorem 11.11 can be solved 
under the assumption that the orders of kernel and cokernel in the exact 
sequence are coprime and not divisible by char(fc) and that further the 
given Galois extension is not ramified all along the closed fibre of a suit- 
able regular model of F. Regarding the case where kernel and cokernel 
do not have coprime orders, we show that there exist proper solutions to 
the particular embedding problem given by an exact sequence of the form 

1 — > C n — )■ C m x C n — > C m — > 1 with n dividing some power of m, in Section 
In Section [H we first discuss the use of patching for the non-coprime case 
and then conclude with giving an example of a solution of an embedding 
problem of fields that cannot be extended to a solution of an embedding 
problem of division algebras. 

Acknowledgments. I would like to thank David Harbater and Julia Hart- 
mann for various helpful comments and discussions. 

2 Embedding problems for division algebras 

We first fix some notation. If F is a field and A is a central simple algebra, 
we denote its class in the Brauer group Br(F) by [A]. We write the group 
structure in Br(F) multiplicatively, i.e. [A®p B] = [A] ■ [B]. All F-division 
algebras are assumed to be central over F. 

We now state our definition of an embedding problem of division algebras 
and then proceed with giving some reasons for this definition in Lemma 
12.21 The definition was suggested in this form by Harbater, Hartmann and 
Kr ashen. 

Definition 2.1. Let F be a field. A (split) embedding problem 6 of 
division algebras consists of a (split) exact sequence 

1 -> N -> G^G/N -> 1 

of finite groups together with a division algebra D over F such that D con- 
tains a maximal subfield E that is a Galois extension of F with G&\(E/F) = 
G/N. 

A proper solution to S is a division algebra D over F that contains a 
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maximal subfield E which is a Galois extension of F with Qsl(E/F) = G 
such that the following holds: 

a) E is a proper solution to the embedding problem on the level of fields, 
i.e. E D E and the diagram 

Gal(E/F) G&1(E/F) 
G ^G/N 

commutes. 

b) [D]\ N \ = [D] inside Br(F). 

The following lemma justifies Definition 12.11 in so far that it provides a 
converse under the assumption that period and index are equal. 

Lemma 2.2. Let G be a finite group and let F be a field such that per(L>) = 
ind(-D) holds for all division algebras of index dividing \G\. Suppose we are 
given a division algebra D over F that contains a G- Galois extension E/F 
as a maximal subfield. For a normal subgroup N < G, we then let D be the 
division algebra in the Brauer class of [Dy N \. Then D contains the field of 
invariants E := E N as a maximal subfield. 

Proof. We have ind(D) = per(£>) = per(D)/|JV| = \G/N\ = [E : F], so it 
suffices to show that E is a splitting field of D (see [Pie821 Cor. 13.3]). As D 
contains E as a maximal subfield, it is a G-crossed product algebra over F. 
Hence D® F E is Brauer equivalent to an iV-crossed product algebra over E 
(see Lemma a. in Section 14.7 of [Pie82] ). Hence ind(D ® F E) divides \N\, 
the degree of this crossed product. On the other hand, |G| = ind(-D) divides 
[E : F]md(D® F E) (see |Pie821 Prop. 13.4 (v)]), so \N\ equals md{D® F E). 
We conclude that [D® F E] = [D ® F E]\ N \ is trivial in Br(F), so E splits 
D. □ 

The following theorem asserts that the assumption per(D) = ind(D) 
holds in the situation we are interested in, i.e., over fields F as in the fol- 
lowing theorem and groups G such that char(/c) doesn't divide \G\. 

Theorem 2.3 ( |Lie09l Thm. 6.3] or [HHK091 Thm. 5.5]). Let F be afield 
of transcendence degree one over a complete, discretely valued field K with 
algebraically closed residue field k. Then per (a) = ind(a) holds for elements 
in Br(.F) of period not divisible by char(fc). 
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3 Patching 



We briefly introduce the method of patching over fields established in [HH10J 
with emphasis on patching central simple algebras. We refer the reader to 
Section 5 and 6 of [HH10J and to Section 4 of [ HHK11| for more details on 
this particular patching setup. 

Let T be a complete discrete valuation ring with uniformizer t, fraction 
field K and algebraically closed residue field k. Let further F be an alge- 
braic function field over K. Then there exists a regular connected projective 
T-curve X with function field F such that its closed fibre X has regular ir- 
reducible components. Let S C X be any nonempty finite set that contains 
all points at which distinct irreducible components of X meet. By a branch 
of X at a point Q G S we mean a pair p = (U, Q) with U a connected 
component of X\S such that Q lies in its closure U. We now define the set 
3 as the collection of all points Q G S, all connected components U of X\S 
and all branches p of X at points Q G S. We endow H with a partial order 
by setting U >- p and Q >- p for any branch p = (U, Q) in H. 

Following Section 6 of [HH10], we define fields F^ for each £ £ E. If 
^ = Q £ S, then we let i?Q be the local ring of X at Q, we write Rq 
for its completion at the maximal ideal, and we let Fq be the fraction field 
of Rq. If £ = U is a connected component of A^S 1 , then we let iijy < F 
be the ring of rational functions that are regular on U, we let Rjj be its 
t-adic completion, and we let Fjj denote the fraction field of Rjj- A branch 
p = (U, Q) corresponds to a height-one prime ideal of Rq that contains t 
and localizing Rq at p yields a discrete valuation ring R p . We let R p be the 
completion of R p and we let F p be its fraction field. Then for each branch 
p = (U,Q) in H, we have Fq,Fjj C .F p and F = Fq n In particular, 
F ft C F ft holds if 6 ^ 6- 

A patching problem for the system {i 7 ^ | £ G H} is a system {V^ | £ G H} of 
-F^-vector spaces such that for each £i >- £2, we have an Fg t -linear map 
06,6 • ~* ^6 that induces an isomorphism (8>F f — >• Vg 2 . By 
Theorem 6.4. in [HH10|. every patching problem over {F^ | £ G H} has a 
solution, that is, there exists a vector space V over F with i^-isomorphisms 
V <8>f F$ — for all £ G S that are compatible with the maps <f>t^ £ 2 (for 
all £i >- £2). This solution 1/ can be identified with the inverse limit lim Vg 

QHH10", Prop. 2.3]). 
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By Theorem 7.2. in [H H10| . there also exist solutions to patching prob- 
lems of central simple algebras and G-Galois algebras over {F^ | £ S E}, 
where G denotes a finite group. We now describe the common approach 
to construct a G-Galois field extension of F via patching (we will work out 
the details in the proof of Theorem I4.ip : We choose subgroups Hi , . . . H r of 
G that generate G, construct -ffj-field extensions Lj over FQ i (for suitable 
points Qx, ■ ■ ■ ,Q r £ S) that split over F p for each branch p at Qi and let 
Eq i = Ind^r(Lj) be the induced G-Galois algebra over Fq^ (We refer the 
reader to Chapter 4.3 of |JLY02j for details on induced Galois algebras.) 
For each component U of X\S, we let Ejj be the split G-Galois algebra 
Ejj = F® = Indf (Fu) (i.e. G acts via permuting the components) and 
similarly E p = Ind^(F p ) for each branch p in 3. These G-Galois algebras 
define a patching problem and we denote the solution by E. The building 
blocks Li must be chosen in such a way that E is in fact a field. Similarly, 
in order to construct a division algebra over F, we construct central simple 
algebras over F^, £ S H, that define a patching problem. In order to show 
that the solution is in fact a division algebra and not just a central simple 
algebra, the following theorem is useful: 

Theorem 3.1 ([HHK09, Thm. 5.1]). If A is a central simple algebra over 
F, then its index is the least common multiple of dnd( A® f Fq) (all Q £ S ) 
and all ind(A ®p Fjj), where U ranges over the connected components of 
X\S. 

If we would like to show that the division algebra A we constructed in 
this way is also a solution to a given embedding problem, we moreover have 
to show that a certain power of A is Brauer equivalent to a given division 
algebra. The following theorem asserts that it is sufficient to show that this 
holds locally. 

Theorem 3.2 ( [HH101 Thm. 7.2]). The base change map 

Br(F) Y[Bt(Fu) x nBr(Fp) Y[Br(F Q ) 

from the Brauer group of F to the fibre product of the Brauer groups of 
Br(i ? [/) (U ranges over the components of X\S) and Bi(Fq) (Q £ S) with 
respect to the maps Br(F{/) -4 Br(i ? p ) and Br(Fg) — > Br(i ? p ) for all branches 
p = (U, Q) is a group isomorphism. 

This result is stated in [HH101 Thm 7.2.] only under the stronger as- 
sumption that there exists a smooth model for X. However, the proof of 
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surjectivity only relies on the existence of solutions to patching problems, so 
the proof also works under the assumptions of this section. Using a result 
on simultaneous factorization of matrices that was later given in [HHK09 , 
the proof of injectivity as given in [HH10, Thm 7.2.] can also be transferred 
to our setup. We sketch the proof: Let D be a division algebra over F of 
degree n that splits over all fields Fq and over all fields Fjj . We have to show 
that D is trivial, i.e., D = F. By Theorem 7.1. in [HH10J, it is sufficient to 
show that there are isomorphisms TpQ : Mat n (.Fq) — > D (&p Fq for all Q G S 
and isomorphisms iptj : M&t n (Fjj) — > D^pFjj for all components U of X\S 
such that for each branch p = (U, Q) we have 

tpQ 0f q F p = tpu ®Fu F p : Mat n (F p ) ->• D ® F F p . 

We start with arbitrary isomorphisms ipQ : Mat n (-Fq) —> D ®p Fq (all 
Q £ S) and ipu : Mat n (Fu) D ®p Fy (all components U of X\S) and 
consider for each branch p = (U, Q) the isomorphism 

(i>Q l ®f q F p ) o [fa ® Fu F p ) : Mat n (F p ) -»• Mat n (F p ). 

This has to be an inner automorphism, so it is given by conjugating with a 
matrix C p G GL n (F p ). Now Theorem 3.6. in [HHK09J implies that the ma- 
trices C p (where p ranges over all branches) can be simultaneously factorized 
as follows. There exists matrices Cq (for each Q £ S) and Cy € GL n (Fu) 
(for each component U of X\S) such that for each branch p = (U,Q), 
we have C p = CqCjj with respect to the natural inclusions Fq C F p and 
Fu C Fp. Defining : Mat n (FQ) — >■ D^fFq as the conjugation with Cq 
followed by -^Q and defining ipu : Mat n (F[/) — > D^pFu as the conjugation 
with C^ 1 followed by 'ipu yields the desired result. 

4 The coprime case 

In this section, we prove that embedding problems of division algebras can 
be solved for admissible groups over algebraic function fields F/K with K 
a complete discretely valued field with algebraically closed residue field k 
and valuation ring T C K under the following assumptions: The orders of 
the kernel and cokernel in the exact sequence of the embedding problem are 
coprime and not divisible by char(/c) and for some regular connected projec- 
tive T-curve X with function field F and regular irreducible components of 
the closed fibre the following ramification assumption holds: Let Y denote 
the normalization of X inside the given Galois extension E/F. Then the 
cover Y — > X is not ramified all along the closed fibre X of X. 
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Theorem 4.1. Let F be a finitely generated field extension of transcendence 
degree one over a complete discretely valued field K with algebraically closed 
residue field k. Let £ be an embedding problem of division algebras such 
that the orders of the normal subgroup N and of the factor group G/N are 
coprime and not divisible by char(/c) and such that every Sylow subgroup of 
G is abelian of rank at most 2. Assume further that there exists a regular 
model X for F such that the given {G / N)- extension E/F is not ramified all 
along the closed fibre of X. Then there exists a proper solution to £. 

Proof. Let £ be such an embedding problem of division algebras, i.e., we 
are given an exact sequence of finite groups 1— > N — > G — > G/N — > 1 
together with a G/iV-Galois field extension E/F that is a maximal subfield 
of a division algebra D over F. Note that since \N\ and \G/N\ are coprime, 
the exact sequence 1 — > N — > G — > G/N — > 1 splits by the theorem of Schur- 
Zassenhaus. We fix a subgroup H < G that is mapped isomorphically to 
G/N . 

We choose a regular model X for F with closed fibre X such that E/F 
is not ramified all along X. Suppose that \N\ has r distinct prime divisors 
pi, . . . ,p r . We can choose distinct closed points Qi, . . . , Q r G X at which X 
is regular and which are unramified in E/F. By Hensel's Lemma, E then 
splits at F Qi , i.e., E <g> F F Qi ^ F ] qJ ^ Indf(F Qi ). We let S' be the finite 
set of points at which distinct irreducible components of X meet and we set 
S = S' U {Qi, . . . , Q r } (note that this is a disjoint union). We then define H 
and F% (£ G S) as in Section [3] and abbreviate F{ := Fq 1 for 1 < i < r. 

For each 1 < i < r, we fix a pj-Sylow subgroup Pi of N. By assumption, 
each Pi is abelian of rank at most 2. Following the proof of Proposition 4.4 
in |HHKll| . we choose a division algebra Di over Fi for each i < r that 
contains a maximal subfield Li which is a -Pj-Galois extension of Fi such 
that Li ®p i F Pi = Indf^FpJ for each i < r, where pi denotes the (unique) 
branch of X at Qi. 

For each (GHwe define a G-Galois algebra E^ over F%: 

t = Qi(l<i<r): E Qi :=Ind%(L0 

any other £ : E$ := Indg(£ ® F F^). 

We set h = \H\, n = \N\ = [G : H] and m = [G : Pi] for i < r. Since n 
and h are coprime, there is an integer 1 < r < h such that rn = 1 mod h. 
Let D' be the division algebra in the Brauer class of D® r . Since E is a 
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maximal subfield of D with [E : F] = h, we have md(D) = h and thus 

ind(-D') = ind(D® r ) = ind(D) = h (see [SalM Thm. 5.5c)]). 

For each £ £ S, we now define a central simple algebra ^ of degree |G| over 

£ = Qi(l<i<r): A Qi :=Mat ni (A) 

any other £ : Ac := Mat n (D' (g> F Fc ). 

The proof now proceeds in five steps and works similarly to the proof of 
Lemma 4.2 in [HHKllj . 

Step 1: We first embed Ec into Ac for all £ £ S. If £ = Qj for some 
i < r, Ec = EQ i is the direct sum of n« copies of Lj which is a subfield of 
-Dj, hence £^ embeds diagonally into Mat ni (Dj) = j4^. For any other £ £ S, 
note first that E 1 splits D® r , since £" is a maximal subfield of D and thus 
splits D. As Z)' is equivalent to D® r in Br(i ? ), E is also a splitting field 
of D', with [E 1 : F] = h = deg(D'). Thus E is isomorphic to a maximal 
subfield of D' (see |Pie82L Cor. 13.3]). We conclude that E ® F F^ embeds 
into D' (gipFc and Ec thus embeds diagonally into Ac. We obtain Fg-algebra 
embeddings Lc : Ec ^ Ac for all £ £ H. 

/S'tep We now use patching to obtain a commutative G-Galois algebra 
E. We need to show that Eq ®p Q F p = E p = Ejj ®p v Fp for each branch 
p = (U,Q) contained in S. Let first p = pi = (Ui,Qi) for some i < r (Ui 
denotes the unique component of X such that Qi £ Ui). Then 

E Ql ®*i F pi - Indp. (Li ® Fi F Pi ) - Ind%(Indf (F Pi )) - Indf (F pi ). 

On the other hand, we assumed that Fi splits E, hence so does F Pi D F^. 
We conclude E Pi 2* Indg(£ Indg (Indf (F pi ) ) Indf (F Pi ) and 

also 

El* ®F Vi F Pi * Indg(£ ® F F Pi ) * Indf (F pi ). 
For any other branch p = (U,Q), 

Eq ® Fq F p Indg(£ ® F F p ) E v ® Fv F p 

holds by definition. Note that all isomorphisms are compatible with the 
action of G and we thus obtain isomorphisms of G-Galois Fp-algebras 
<p p : Eq ®f q F p — > Ejj ®p u F p for all branches p = (U,Q) contained in 
S. Hence {Ec | £ £ H} defines a patching problem of G-Galois algebras 
over {Fc | £ £ E} and we can now apply Theorem 7.1 (together with The- 
orem 6.4) of [HH10] to obtain a solution, i.e., a G-Galois F-algebra E with 
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isomorphisms E ® F F^ = for all £ 6 S that are compatible with the 
isomorphisms (j) p . Thus E 1 is a commutative G-Galois algebra of dimension 
\G\ over F. 

Step 3: We use patching to obtain a central simple algebra A with E < A. 
We first show that Aq ® Fq F p = A p = A[/ <g)_p p F p holds for all branches 
p = (U,Q) in E. Let first p = pi = (Ui,Qi) for some i < r. Note that 
Li embeds into F Pi , since F Pi splits Lj. As Lj is a splitting field of Dj, the 
same is true for F Pi and we conclude 

A Qi ®f, F Pi Mat ni (A ® Fl F w ) = Mat, G |(F Pi ). 

On the other hand, E embeds into F Pi (here we use again the assumption 
that Fi C F pi splits E) and it is a splitting field of D', so F Pi also splits D': 
A Pi Mat„(U' »f F pi ) Mat| G |(F p J and similarly 

^ ^ = Mat n (/y ® F F Pi ) Mat| G |(F Pi ). 

For any other branch p = (U,Q), 

Aq ® Fq F p ^ Mat n (D' ® F F p ) ^ 0^ F p 

holds by definition. Thus there exist Fp-algebra isomorphisms 
ip p : Aq ®Fq Fp — > Ay ® Fu F p for each branch p = (U, Q) contained in H. 
The same argument as in the proof of Proposition 4.2 in [HHKllj (involving 
the Skolem-Noether theorem) yields .Fp-algebra isomorphisms ip p : Aq ® Fq 
F p — > Ajj® Fu Fp for all branches p = (U, Q) such that the following diagram 
commutes (and is compatible with the embedding E p — > A p ): 

Aq ®f q F p — ^ A v ® Fu F p 



l Q®Fq F p 



Eq ® Fq F p »- E v ® Fu F p 

Vp 

By Theorem 7.1 of |HH10] and the commutativity of the above diagram, 
we may patch the algebras A^ to a central simple F-algebra A of degree 
|G| containing E such that A ® F F^ = A^ holds for all £ € 5 (and these 
isomorphisms are compatible with the homomorphisms vp p ). 

Step 4 : We show that A is in fact a division algebra, i.e. ind(A) = \G\ 
holds. First, note that for alH < r 

\Pi\ = [Li : Fi] = deg(A) = ind(A Qi ) = ind(^ ® F Fi) | ind(A) 
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and thus |iV| = lcm(|Pi|,i < r) divides ind(A). As \N\ and \H\ are coprime, 
we have |G| = \N\ ■ \H\ = lcm(\H\,\N\) and it suffices to show that \H\ = 
ind(-D') divides ind(A). Let U be the collection of irreducible components 
of X\S. Then Theorem 13.11 yields 

ind(D') = lcm(md(D' ® F F Q )And(D' ® F Fu) | Q G S, U eU). 

For i < r, E C Fi is a splitting field of D' , hence ind(D' <S>f Fi) = 1 and we 
conclude 

\H\=md(D') = lcm{md{D' ® F F Q ),md(D' ® F Fu) \ Q G S',U €U) 
= lcm(ind(A Q ), md(Au) \ Q G S',U eU) 
= lcm(md{A ® F F Q ),md(A® F Fu) \ Q G S',U eW) | ind(A). 

Thus I? := ^4 is a division algebra and it follows immediately that E is a 
maximal subfield with Galois group G. 

It remains to show that the pair (D, E) solves the given embedding problem. 
To see that E embeds into E which is an inverse limit over E (8>f F% (£ G H), 
it suffices to show that E embeds into all E® F F^. If £ = Qj, we use the 
identity \i\d%(L) N = lnd < ^ / ^ nH (L NnH ) for induced algebras (see Remark 
(2) of Chapter 4.3. in |JLY02j i and compute 

E® F F t - Indf (Fi) - Indf /JV (Lf ) - Indf ^((Ind^))^) 
(Ind&(Ind£ (Li)) N fig. ^E N ® F Fi^E ® F F 

where all maps are if-equivariant. Thus we can embed E into E® F Fi 
via an .ff-equivariant map. For any other £ G S, we can embed E into 
S(8)pi^ which embeds diagonally into hid%(E® F F{) = E® F F^_. Both of 
these embeddings are ff-equivariant. Altogether we obtain an //-equivariant 
inclusion E < E. 

We conclude that the following diagram commutes: 

Ga\(E/F) *■ Gal(E/F) 



G ^G/N 

Step 5 : We finally have to show that [D] n = [D] holds in Br(F). We use 
Theorem 13.21 and show that equality holds for the images of [D] n and [D] 
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in the fibre product. If Q = Qi for an i < r, we have already seen that F^ 
contains E and thus splits D. Thus [DgpFj] is trivial and [D £g>p Fi] n = 
[Aq.] 71 = [Di] n is trivial too, since per(Dj) | ind(Dj) = |Pj| | n. Hence 
[D <8)p Fq^ 71 = [D <8>f FQi] f° r all 1 < i < r. If £ is either a point contained 
in S' or one of the components of X\S, we have 

[D^F^ = [A^] n = [D' <g)p F^] n = [D® r ®-p F^] n 
= [D® F Fz\ rn = [D® F Fe], 

where the last equality follows from the fact that the period of D ®p F% 
divides ind(Z?) = h and rn = 1 mod h. □ 

5 A non-coprime example 

In this section, we let F again denote a finitely generated field extension 
of transcendence degree one over a complete discretely valued field K with 
algebraically closed residue field k. Let further n,m S N be coprime to 
char(A:) and such that every prime factor of n also divides m. For example, 
we could choose n and m both prime powers with respect to the same prime. 
Now let C n and C m be cyclic groups of order n and m and consider the split 
exact sequence 

1 ~~ ^ C n — C m x C n C m — >• 1 , 

where i2 and 7ri denote the canonical inclusion and projection. Assume we 
are given a division algebra D over F containing a maximal subfield E with 
Ga^E'/F) = C m . We can solve this particular embedding problem without 
using patching. 

5.1 Writing D as a symbol algebra 

First note that since char(/c) doesn't divide nm and since k is algebraically 
closed, K C F contains a primitive nm-th root of unity £, by Hensel's 
Lemma. We set £ OT = Q n G i 71 , a primitive m-th root of unity. 
As Ga^-E/i 7 ) = C m , Kummer theory asserts that there exists an a £ F 
such that E = F( T y/a). Now E is a splitting field of D and so D is Brauer 
equivalent to a symbol algebra (a, b, m, F, £ m ), for some b £ F x (see |Dra83|. 
§11, Lemma 1]). Recall that the central simple algebra (a,b,m,F,£ m ) is 
generated by two elements X and Y such that X m = a, Y m = b and XY = 
( m YX. As both D and (a,b,m, F, ( m ) are of degree m, they are actually 
isomorphic. We denote the Brauer class of (a, b, m, F, Cm) by [°> ^ m i F> Cm]- 
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5.2 Construction of D such that [D] n = [D] 

We set D := (a, b, nm, F, £), which is a central-simple algebra of degree nm 
over F (see [Dra83, §11, Thm.l]). We can now use Lemma 6 in |Dra83l §11] 
to obtain 

[D] n = [a, b, nm, F, (} n = [a, b, m, F, ( n ) = [a, b, m, F, ( m ] = [D]. 

By Theorem 12.31 [D] has order ind(D) = m in Br(i ? ). Taking into account 
that every prime factor of n also divides m, we deduce that [D] has order 
nm in Br(i ? ). This means that per(D) = nm, hence ind(D) = nm = deg(-D) 
and so D is a division algebra with [D] n = [D]. 

It remains to show that D contains a maximal subfield E which is a so- 
lution to the corresponding embedding problem of fields. 

5.3 Construction of a suitable maximal subfield E C D 

Let X, Y be generators of D such that X nm = a, Y nm = b and XY = (YX. 
Then E = F{ t ^l) ^ F(X n ) is a (commutative) subfield of D. We set 
E := F{X n ,Y' m ) 5 E. This is also a (commutative) subfield of D, since 
rT m = ^mymxn = y^x n . Hence S ^ F(V«,V6) and we have 
to show that 22 is Galois with group C m x C n over 2^. It suffices to show 
[E : F] = nm. Now E is a splitting field of D (see [Dra83, §11, Lemma 9]), 
so nm = ind(D) divides [E : F]. Therefore, E is Galois with Galois group 
C m x C n over F. This isomorphism is given by 

Gal(E/F) = Gal(Ffy^Vfe)/F) Gal(F(^/5)/F) x Gal{F{Vb)/F) 

a (->■ (o-Ifcv^)' "^^)) 
and we conclude that the following diagram commutes: 

Gal(22/F) ^> Gal(2?/F) 

Cm X C n — s~ Cm 

So 22 is in fact a solution to the corresponding embedding problem of fields. 
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6 Discussion 



In this section, we first explain the difficulties that arise when one wants to 
use patching to solve embedding problems of division algebras in the non- 
coprime case. 

In the second part of this section, we give a negative answer to a related 
question concerning whether solutions of embedding problems of fields can 
be extended to solutions of embedding problems of division algebras. 

6.1 The non-coprime case 

Let F be as in Theorem 14.11 Let £ be a split embedding problem given by 
an exact sequence 1 — > N — > G — )■ G/N — > 1 (with G admissible and |G| 
not divisible by char(A:)) together with a division algebra D containing a 
(G/AQ-Galois extension E/F as a maximal subfield. If \N\ and \G/N\ are 
not coprime, the method of patching can in general not be used to construct 
solutions: Assume we have fixed a regular model (X, S) of F with corre- 
sponding set S as in Section [3J We would like to construct central simple 
algebras Ag over F^ (for all £ E H) of degree |G| that can be patched to- 
gether to a division algebra A which contains a solution E of the embedding 
problem on the level of fields such that [A] ^ = [D] holds. In particu- 
lar, [A V ]\ N \ = [A® F Fu]\ N \ = [D® F Fu] has to hold for each component 
U of X\S. By Corollary 5.11 in |HHK09j . hid = per holds for A v and 
D ® F F v . We conclude that md(A v ) = ind(D ® F Fu) ■ gcd(|iV|,ind(.4tf)), 
and is thus divided by ind(D ®p Fu) ■ gcd(|iV|, ind(D ®p Fu)). The index 
\G/N\ of the given division algebra D "usually" doesn't get significantly 
smaller when tensoring with Fu (see Example 16.11 below). Unless we are 
working in a very special situation with models (X,S) such that the in- 
dex of D (8>i? Fu decreases significantly (i.e., most of the primes that divide 
ind(.D) don't divide ind(Z) ®f Fu)) for all components U of X\S, we would 
have to construct building blocks Au over Fu of index not much smaller 
than \G/N\ ■ gcd(|iV|, |G/iV|). That is, patching just leaves us with pretty 
much the same problem over Fu instead of F. 

Example 6.1. Let now F = C((t))(x) and fix a primitive sixth root of unity 
Cq £ C Consider an exact sequence of the form 

1 -»• S 3 -»• £ 3 x C 6 -»■ C 6 ->■ 1 

such that G = S3 x C% is admissible, i.e., Cq acts on S3 in a way that 
G contains C2 x C2 and C3 x C3. Together with the symbol algebra D = 
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(x,t,6, F, (q) with maximal subfield E = F(%/x), this defines an embedding 
problem of division algebras over F. In fact, even D ®p C(x)((t)) is a di- 
vision algebra, which can be seen using Example 2.7. and 4-4- i n [Wad02] 
(with valuation v : C(x)((t)) x — > Z x Z with Z x Z ordered lexicographically 
and vi(f) the t-adic valuation of f G F and V2(f) the x-adic valuation of 
the lowest coefficient of f in its t-adic expansion; n := 6, a := t and b := x). 

Now set X = Pcfft]] an d 5* be an U finite subset of X = Pj,. Then S 
consists of the points in S, the one component U := X\S of X\S and 
branches (U,Q) for each Q G S. Then Fjj C F$ = C(x)((t)), hence 
md(D Fjj) > md(D ®p C(x)((t))) = 6, as seen above. In order to 
use patching we would have to construct a central simple algebra Ajj over 
Fjj of degree 36 with ind(D ®f Fjj) ■ gcd(6,ind(L> ® F F v )) = 6 • 6 = 36 
dividing md{Ajj), hence md(Ajj) = 36 = deg(Ajj)- In other words, Ay- 
would have to be a solution of the embedding problem over Fjj given by 
1 — > S3 — > S3 x Cq — > Cq — > 1 with given division algebra D ®p Fjj and 
maximal subfield E ®f Fjj . Patching with respect to any model of the form 
(Pcrwp'SO thus doesn't allow to break up the problem into smaller pieces. 

6.2 A related question 

One might also ask the following: Given a split embedding problem of divi- 
sion algebras £ together with a Galois extension E/F that solves the embed- 
ding problem on the level of fields, does there exist a division algebra over F 
containing E and solving the embedding problem of division algebras? This 
turns out to be wrong, as the following example demonstrates. 

Example 6.2. Let F = C((t))(x) and E = F{y/l + tx, \f\ + tx" 1 ). Then 
E is a C2 x C2-extension of F, but it is not a maximal subfield of a division 
algebra. Indeed, assume there exists a division algebra D of degree 4 con- 
taining E. We set X = ^cfft]] an< ^ we ^ Q ^ e ^ e ' in ^ e cl° se d fibre 
X given by x = t = 0. We further set S = {Q} and U = X\S. Theorem \3.1\ 
yields 

4 = md{D) = lcm(ind(.D ® F F Q ),md(D® F %)), 

so at least one of D <g)p Fq and D ®p Fjj has index 4 and is thus a division 
algebra. We conclude that at least one of the commutative algebras E (gip Fq 
and E®-pFjj is a field. Now (1 + tx) is a square in C[x}[[t\] C C[[x,t]] C 
Frac(C[[x, t]]) = Fq, so E<S>fFq is not a field. Similarly, (1 + tx' 1 ) is a 
square in C[x _1 ][[t]] C Frac(C[x _1 ] [[£]]) = Fjj, so E®fFjj is not a field, 
either, a contradiction. 
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On the other hand, E is a solution to the embedding problem of fields given 
by the exact sequence 

and given field E = F(y/1 + tx). Furthermore, E is contained as a maximal 
subfield in the symbol algebra (1 + tx, x, 2, F, — 1) of degree 2, which is a 
division algebra (by [Dra83, §11, Cor. 4] it is sufficient to check that x is 
not a norm of E/F). So (D,E) together with the exact sequence define an 
embedding problem of division algebras that can be solved (see Section^) but 
there exists no solution (D,E) with E the given solution of the embedding 
problem of fields. 
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